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. .!tiorma lion. The mtio of th e production effi-
• CI' 'a u decreases with increasing strain. 

rhl'rl' is a theoretical possibility and an exper
I indication for a larger efficiency to exist during 

" : (I·des of cyclic loading than during th e initi a l 
Ii \I;lidirectiona l deformation. 
rhl' shear-modulus changes ohserved during 

~ '\ .\ r. 0 F A P ], LIE D PIty S IC S 

cyclic stressing can be alt ributed to the formation of 
dislocation dipoles from dislocations of the initi a l 
net \York. 

To detail the exact mechanisms it is necessary to 
perform resistivity measurements, shear-modulus meas
urements, and electron-microscopy studies, and ror
relate these for the same sample . 
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Third-Order Elastic Constants of Single-Crystal and Poly crystalline Columbium 

L. J. GRAII'\~[, H. NADLER, AND ROGER CHANG 

Scie)/ce Ce)//er/ Aerospace a)/d Systems Group, -,"ortli American Rtlcku'cll Corpora/io)/. Tholl sa lld Oaks. Calijomia 

(Recei"ed 8 January 1968) 

The second-order and third-order elastic constants for both single-crystal and polycrystalline columbium 
werc determined at 298°1\: using an ultra 'on ic phase comparison mcthod. Jt is shown that any dislocation 
contribution to thc measuremcnts is negligible with respec t to other uncertainties . The th ird-order elastic 
constants (Brllgli('r com'cntion) in unit s of 10" dyn / cm' are . 

CII' = -2S.6-1±0.25j 

c,,,= - 11 AO±0.2,'ij 

Cl~3= --1.67±0.25j 

(,,,= -3A3±0. IOj 

('66= - 1.677±0.OSj 

("G= + 1.366±0.05j 

vl=-4.8±1.2j 

v,= -3.70±0.2j 

V3= +0.7S±0.OS. 

The Griineiscn param eter calculated from these I'alues is 1.511 ±0.026 for thc single crystal, and t'.5-16± 
0.092 for the polycrystal, in good agreement with the value J .52 calculated [rom bulk-property measure
ments. The pol),cr),stalline third-order elastic constants arc in \"l'l"y good agreement \I'ith those calculated 
from the single-crystal I'alucs by the met hod of Chang. 

1. INTRODUCTION 

r)f the scnral methods of determining the third
lIT clastic constants (TOEC) of solids, ) th e onc that 

.' pro'-en most useful in\'olves th e measurement of 
t dependence of ultrasonic wa\'{' y elocitics on a 
,ic bias stress. ~rost of the early \\'ork in this area 
, restricted to the lise of hydrostati c pressure as the 

"tress~·3 to attain stresses high enough so that the 
ill'neience was measurable \yi thout introducing plas tic 
,.r in the samples . This method cannot pro\'ide 
"lI~h information to obtain all of the TOEC, ho\\--

".,. [n an ehstically isotropic sample, for example, 
'.Tl· are only t\\·o nondegenerate pure-mode elastic 
~\"l'S which can be propagated, providing two relations 

::"IYing the three independent TOEC. In crystals 
: cu bic symmetry, there are three pure-mode wa\-e~ 
, a gi\'Cn propagation direction and therefore three 

, t/' 'Pcndenl relations among the six independentTOEC. 
' 1,, ·.I'<.:\'cr, the resu lts of these measurements are useful 

t hl:oretical studies of those anharmonic propcrt ies 
hidl are bulk properties in the sense that they do 

... 1 depend on the crystal orientation, such as thermal 
.. p,tn"ion (or the Gruneisen parameter) in isotropic 

~ \ . Scq;cr and O. Buck. Z. :-\aturforsch. ISa, 1056 ( 1C)(i0). 
. I): Lazarus, Ph)',. Re\,. 76, .'i~5 l I9~()). 
'\\. H. Dani~l:; and C. S. Smith, Ph),s. Rev. Ill, 713 (1958). 

or cubic symmetry crystals.4 The resu lts of the hydro
static pressure experiments gil'e just the combinations 
of TOEC \\'hich arc req\lired in these studies, but they 
are limited in that they cannot provide the entire 
set oi TOEC which is required to defll1e completely 
the anharmonic nature of the sample. 

Recent de"eloplllents oi more sensitive experimcntal 
methods of determining relat i\'e changes in ult rasonic 
wayc velocities have allo"-eci the extension of these 
methods to includ e the usc of uniaxial bias stresses, as 
well as hydrostat ic pressure.5 It has been found, how
ever, that in materials with a low yield stress such as 
pure copper, that at cI'en ver~' low values of uniaxi:d 
bias stress, the ultrasonic \\,a\'e velocity will be affected 
by a change in the dislocation contribution to the 
dynamic second-order elas tic moduli caused by the 
ap[.>lied bias stress.s This change in the ultrasonic wave 
velocity due to dislocations is impossibl e to separate 
from the change due to intrinsic latti ce anharmonicity, 
and therefore care must be takcn to prevent th is effect 
from occurring. :'lethods that ha\'e been used to pin 

I 
, 1\:. Brugger, 9/h Proc~!'dillgs oj /he TII/l'ntafiulI(/1 COllj/'l'£'IIce 01/ 

Lo" Tempera/lire Physics, J . G. Daunt, n. O. Edwards, F. J. 
]\[iiforci, and :\1. Yaqub, 1·:r1s. (Plenum Press, Inc., Nel\" York, 
1965), (Jr. 1151 - 115-lj \Y. 1'. i\lason anr! T. B. Bateman, ]. 
.\ ellllst. Soc. :\m. 40, 1152 ( Il)(,G), 

· H. J. ]\Ic. killlin , ]. Awust. Soc. .\Ill . 22, ~13 ( 11)50) . 
61\:. Salama ancl G. Alcrs, Ph),s. J.teV. 161, 673 { 1967}. 
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the dislocaLions and prcvent thcm from contribu Ling 
to the dynamic clastic moduli are prestraining (Cu, 
Ag, Au) ,7 and pinning with point defects produced by 
neutron irradiation or uy impurity atom doping (eu).6 

Complete scts of TOEC have been determined for 
only those metals mcntioned above, all fcc. Other 
materi,ds for which all the TOEC have been reported 
arc the semiconductors Ge,S- 1I Si,s - Il GaAs,J2 InSb,13 the 
alkali halides K aCl,1~ ·I;; and KCI,1~ and the insulators 
MgO,1O quartz,IS and yttrium iron garnet.17 Complete 
sets of TOEC for polycrystallinc or amorphous materials 
that have been reported arc for Cu,! Fe l •18 fused silica /a 
py rex glass and polystyrene/8 a variety of steels, 
aluminum alloys, a magnesium alloy, and sintered ::-10 
and \\'.19 

Columbium is one of a class of ma terials, the bcc 
refractory metals, for which TOEC haye not been 
reported, except for th e sintered materials mentioned 
abon. With the growing cOlllmercial use of these 
materials, there has been an increasing int erest in 
their mechanical propertics . The contribution of latlice 
anhannonicity in la Lt ice-defecL caJcubttions is one area 
of thcoretical study that is being pursued.20 

Since the yield points of tht:se metals arc considerably 
higher than those of the fcc metals studied to da te, it 
secms rcasonable to expect less of a problcm with dis
locations when determining their TOEC using a uni
axial bias stress . This cxpectat ion was realized as \rill 
be seen in th e following sect ions. 

II. EXPERIMENTAL PROCEDURE 

A. Apparatus 

An ultrasonic phase compar ison method was used to 
determine both the yalues of th e pure-mode ultrason ic 
\\"aye \"(~ locitics and their dependence on an applied 
static bias stress , both hydrosta tic and uniaxia l. :\n 
Arenberg PG -650C pulsed oscillator was used as a 
gated amplifier for pulsing the sample with an rf 
signal derived from an external cw oscilla tor whose 
frequeucy was continuously monitored by a digit al 

.. Y. Hiki and A. V. Grana to, Phys. Rev. 144, ~ 11 (1966) . 
8 T. B. Ba tcman, W. P. ~Iason, and H. ]. :'IlcSkimin, J. App!. 

Phys. 32, 928 ( 1961) . 
9 H. ] . 2'-JcSkimin and P. Andrcatch, Jr., J . App!. Phys. 35, 

3312 (196-l) . , 
10 E. H. Uogardus, ]. .\ppl. 1'hys. 36, 2504 (1965). 
11 ]. 1<. D rabblc and :'II. Gluyas, ]. Phys. Chem. Sol ids Suppl. 1, 

607 ( 1965). 
I~ H. ]. i\IcSkimin anel P. Andrcatch, Jr. , ]. Appl. Phys. 38, 

2610 (1967). 
13 ] . R. Drabblc a nd A. J. Bram mcr, Proc. l'hys. Soc. 91, 959 

( 196i) . 
II Z. P. Cha ng, 1'11)'5. Rev. 140A, 1788 (1965) . 
15 i\l. Gluya<, nlit. J .. -\ppl. Phys. 18,91 3 (1967). 
16 R. N. Thurston, H. ]. :'I lcSki1l1In, and P. Anrlrcatch, Jr., 

]. Appl. J'hys. 37,267 ( 1966). 
11 D. E. Eas tman, ]. :\ppl. Phys. 37,231 2 ( 1966). 
IS D. S. Hughes and J. L. Kclly, l'hY5. Re\". 92,1145 (1953). 
10 R. T. Smith, R. Stern, and R. \\' . B. Stcphcns, J . Acousl. 

Soc. Am . 40, 1002 (1966) . 
,'0 R. Chang and L.]. Graham, Phys SlaLusSolidi 18,99 ( t9M); 

R Chang, PhiL :'Ilag. 16, 1021 ( 1967) . 

counler. Th e appli ed rf pulse length was adjuslL-d . 
lwice the round trip transit time of the ultra,\): 
pulse through the sample so that each echo overlal' l 
one-half the following echo in the pulse-echo tr,,' 
The frequency of the c\\· oscillator was then aclj u,' , 
to obtain an out-of-phase condit ion between succl.»i. 
echoes so that the o,'erlap regions presented a mi nilll!, 
or null signal level. The overlap region between t:. 
1st and 2ncl or 2nd and 3rcl echoes \\"as then gated (I:" 
amplifIed, and the unreclifled signal displayed 01\ . 

H ewlett- Packa rd 17;;A oscilloscope. The frequenc\ . 
\yhich the null condition occurs is simply relateclt~ ti. 
ultrasonic wave yelocity in the sample. The null ill 

quenc), can be determined to one part in 106 in the Ill.' 
cases encountereel so far eyen " 'ith 1~!f in. sample l en~tl i' 
Typically, however, \\"ith this size sample, and with . 
low value of ulLrasonic attenuation as experienl"l' 
with a singl e crystal, the accuracy is 3- 5 parts in I!. 
for shea r waves and 3- 5 parts in 10; for longitudin . 
waves because of their higher velocities . With largt 
samples and longer transit times the accuracies for th, 
two types of waves should be the same. A compll"" 
description and ana lysis of the method is given ebL 
where.~1 

Quartz crystals of j,- in. diam w(;re bonded to thl 
nominall y tin. sq sample faces using 1\ onaC[. ]3 01 i. 
X -cut and A C-cut crystals having 16 )IH z fund ament.l: 
frequencies were used for t.he single-crystal studil" 
and;; -;\IHz for the polycrystals. Hydrosta t ic pressurt" 
runs were macle \\'ith th e sample enclosed in a high 
pressu re chamber prcssuri zed with helium gas. A 16 in. 
7500 psi Heise pressure gauge was used to monit nr 
the helium gas pressure lo ±O.l o/c of full scale. Th t" 
uniaxial stress runs were made with the samples loaded 
in compression bet\\"(;ell optically flat stainless stet'l 
load platens in an isothermal enclosure on a tal ll,' 
model Instron tesl machine. The load \\'as monit.ored, 
by a load cell ca librated to ±O.5% of full scale. Thl" 
sample temperature was recorded before and aftL'r 
each frequen cy reading to ±O.025°C using a. chrome! 
alumel thermocouple junction spring loaded to th e' 
side of th e sample in both tes t arrangements. 

B. Sample Description and History 

Two single-c rystal columbium samples wcre used il . 
this study. They were both cut frOIll Lhe sam e -t(;" in. 
diam 3-pass electron-beam zone refined single-cryst al 
rod obtained from Materials Research Corp. A typi( :d 
analysis for material prepared in this manner is j(lfl 

ppm Ta, <30 ppm P, 8 pplll C, 6 pplll \\' , .t pp11l \. 
and 23 ppm 0, with traces of several other clelllcnt , . 
After the initial CUlling and lapping stagcs, spcci;t1 
care was taken to altern a tely etch and polish each of till 
three pairs of faces of th e samples ulllil sha rp J .:Ill'· 

~I Roger Chang and L. J. Graham, ]. .\ppl. 1'hY5. 37, "lis 
( 1\166); L. J. Graham and R. Chang, COII/ poulld,' of I II/ani :~ : 
."uc!c,tr RelIc/or Tec/l/lology, ]. 1'. \\'aber, P. Chiulli , and \\' . :-.; 
;\JinCf, Eds. (ABLE, 0:cw Yurk , 196-1), pp. ·IOCJ-422. 
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.. ' ,..1,'1 ion spols werc obtained. Thc desired 
r.! phic orientations of the faces wcrc main

.~ \~ilhin 0.5 0 during these operations. Thc 

. " of Jlolishi ng the samples rcsulted in all six 
'., , 11:11 to beller than L\ and each of the three 

: i .l~' t'~ parallel to 10 sec of arc. 
,. I \l'as nominally !'XtXI, in. with the 16 
. i) ,ion along [110J and the other two pairs of 
,~;n :tl to [lIOJ and COOl]. The second-order 
, .n~ l:.lIlts and their temperature dependences 

.: t' were determined for this samplc, and thcn 
!:(l~ [;tlic prcssure runs madc by incrcasing thc 

in ::;teps to a maximum pressure of 6000 psi, 
:1 decreasing thc prcssure in intermediate steps . 
I stress runs wcre then mad e to a maximum 

': 11 10 kg or 4800 psi, which is about 55 % of thc 
t" i yield stress for this Ill<tterial.n It was found 

• ,,' , 011)(' runs at the m;lximu1l1 stress, time-dcpend-
.ngl·~ in the frrquency occurred. This cffect was 

: fl l";L-r\'ed at a load of 90 kg or below and so was 
!, .j IJY slaying below this load for most runs. Somc 
·.Il' rc also made by holding I he samplc at 100 kg 
alii the null frequency stabili zed, then decreasing 

'" II I in steps to zero, and then increasing the loael 
, in steps . No hysteresis was observcel during this 
.. I' run, and no systematic eli fference \\'as found 

· lI'n these and lh c runs at th e lowcr st rcss. 
, ."Iph: 2 was nominally a t in. cube having t,\·o pairs 

11111 faces and onc pair of 1100j faces. The cube 
· ~lIJ'alion was desired to increase the accuracy of 
!fll1git udinal wave measuremen ts by obtaining a 

'. r transit time, and to allm\' both (100) and (110 ) 
" lIlic \\',ave propagation on the same sample. 
. conditions werc obtained at thc cxpense of 

. ".! Illore interfcrencc in the pulsc-echo train from 
lion of thc di"ergent ultrasonic bea.m from the 

· " , ieles of the s:l.l11ple . The laller was found not to 
, 'l'l'ious problem, ho\\'ever, since the in terference 
"n ly obsen'ed aft er thc -1th or .5th echo and meas
.L·ll ts were made on thc 1st and 2nd echoes. The 
.i lll~nta l procedurc for this sample was the same 

: ,r the fu's t, cxcept that the maximu1l1 unia.xial 
. ' llsed was 1600 psi . 
I :!c rl: were a lso t \l'O polycrystalline columbium 
i,b used in this study. Considerable cffort was 
• t in trying to obtain a sample having small, 

.i" Ill I)' oriented, and equiaxed grains with only 
· I. d success, Stock material from several suppliers 
• I old-worked by di ffcren t means to producc tip to 
, reduction. in thickness and then cut into samplc 

.-.ks. Thcsc bhnks were then given di O'crent recrys
.il.:tt ion and anneal heat trcat ments and th eir micro

'. '([ lire examined. It was found that this material 
d,; to deform in loca.lized bands during cold-working 
! most of the specimens only partially recrystallized 

. flT rystalli zcd with regions of widely different g rain 
. , I'. I·:. ~lildll'lI, I~, A. 1'o:-:all, and p, B. Hirsch, Phil. ;'\[ag 8. 

"),' (1%3). 

size.23 lIoweyer. two samplcs wcre selected from thc 
lot for the ultrasonic study and lhcir surfaccs polished 
as was done with the singlc-crystal samplcs. 

Sample A was the result of the carlier attcmpts with 
sample preparation. It was nominally l X t X lG' in. 
and had a uniform grain sizc and shape, but thc gi'ains 
were clongated a.nd more or less aligned in one direction 
parallel to the txt in. faccs of t hc sample. The size 
of the grains was about 30 by 75 J.l. 

Sample n was selected from the later attempts and 
was nominally ~ X ~ X -flu in. In this sample, th e grains 
were equiaxed and averagcd 10 J.l in size ovcr most of 
the sample, but therc was a region extend ing along 
the -Ar in. dimension which contained grains of 50 J.l 

size. The ultrasonic measurcments on this sample were 
madc with quartz transducer attached in an area 
containing only 10 J.l grains slightly ofi the center of the 
~ X ~ in. face, 

The second-order elast ic constants of both samples 
and lheir dependencc on hydrosta.tic and uniax ial 
stress were measured in thc same manncr a.s "'ith the 
singlc-crystal samples. Thc density of the samples 
was dct crmined from ,,·eight·volume measurements to 
be 8.579±0.005 g/ cm3 which is, within expcrimental 
uncertainly, the same as thc single-crystal density of 
8,578±0.003 g/cm3 determined previously.24,25 The 
lat tel' va lue was llsed throughout the elastic constant 
calculations for both the single-crystal and polycrys
talline samplcs. 

C. Dislocation Study 

Following the single-crystal measurcments, an exten
sive study was made of the ti me dependcnt ch:mges in 
null frequ cncy obsen'ed at t he maximulll loads for 
sample 1. It was found that the observed kineti cs of 
this 6f eHcct cou ld be dcscribed at least qua lit at i" e!y 
by a dislocation unpinning and repinning model; th e 
net change in frcquency was an increase of aoollt 500 
Hz on most runs ; thc effect '\"as ao-cnt after cycling 
thc load through zero if il had flrst been allowed to go 
to completion, but would reappear after the samplc had 
rcmained with no load for a period of 2-1:-18 h; the 
magnitude of !:.f decreased on succcssi,"e runs and 
fin ally disappearcd; the efiect reappeared by act ivat in.g 
a difiercnt set of dislocation slip systcms; and finally • 
that 6f could be completely suppressed by irradiation 
of thc sample at 1 M racl/ h for 46 h with a Co"o -y-ray 
source. Similar sluclies ,,,erc made on sample 2, bUL 
no 6f effect was seen for thi s sample even at loaels ap
proaching thc yield point. i\feasuremrnts were made 

23 The cold- rolling described here was done in sleps of aboul 
10% deformation per pass on a small laboralory rolling machine. 
Very recent resulls lIsing a largl.! commerical rolling machine, 
which produced 50%- 60'/0 deformat ion pCI' pass, produced a 
more uniform deformation and upon recrySlallization a consicier
abl!! impro\'cment in the polycryslallinc grain slructure. 

2·' D. 1. Bold,). i\ppl. l'h)'8, 32,100 (1% \ ) . 
20 R. J. Wasilewski, J. l'hys. Ch elll. Solid, 26, 1 6~3 (1%5). 
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TMILF. 1. Cakulational cqulltiuns fur th e uniaxial stress rlata u"ed with the hydrllstatic prc:;surc data to "utllin the thinl ' 
elastic constants of single·crystal columbium. The relatiol! numbers refer to the equations in order in Tables I -Ill of Ref. 26. '1 hl . 
relations at the bollom can be derived from the equations of Ref. 26. The \·alues of the adiabatic second-order r1aslic conSla:>t . 
columbium used tu calculate the constants in these equations are the '·best" values listed in Table II . The isothermal elastic COlH 
C1I7' and C"T needed were determined from Cij7·= C;r5-O.0161 X 10" . 

Relation 
No. Calcula tional equation 

10 
I I 
13 
14 
16 
17 

CIII -3. 8597Cud ·2 . 8597 C123 = (+8.7-11311110-2. 2(H-1) X 101~ 
C1H -I.8597CI£G = (+4. 3i0611111+1. 62·B) X 1012 

CI44 -O .Oi54Cm +8. 275·1 C'" = (-4.700-111113-2.9182) X 1012 

C",-0.0754Cm -8.275.J.C, .. = (-4. 700.J.1II,,+ 1. 7822) X101~ 
ClIl -2 .0754ClI2 + 1.075.J.Cm = (-9.400711i16-11. 6339) X IO l2 

C.,,-0.0754CI£6-8 .275.J.Ct6= (-.J.. 700·111117+0.61 09) X 1011 

111,, -11117= (1- A) /2 =0.2492, 
where 

A =2CH/(Cll -Cd 

C,.\6= CH(IIII1-11113-1) 
===-------

on sample 1 after irradiation to determine the TOEC 
for comparison \I"ith the previous determination. 

There are seycral signiflcant features of this st udy 
with regard to the dctermination of the TOEC. As
suming the 6.f eITeel obsen·cd is due to dislocation 
motion or rearrangement , it is apparent that this can 
occur at stresses well belo\\· the yield point of this 
material, and must be pre\"C'ntcd in TOEC studies. 
The magnitud e of the time- independent .':,f associatcd 
soleI y \,·i th la tl icc anha rmonici ty in thi s 5t udy ranged 
from 2 to 35 kHz for it strcss of 4800 psi so the 0.5 kHz 
t ime-dependent of would bc significant on some runs. 
The rcason for the diITcrent behavior of the two ap
parent ly identical samples is not known but may be 
due to slight differences in impurity leYCb or in cold
work during preparation, both of which might be 
mcthods for controlling the dislocat ion eITecl. Other 
methods for controlling this eITect suggcstcd by the 
dislocation study an: preloacling or load cycling the 
sample prior to use, irradia ting it, or simply working 
at lower stresscs. Th cse three methods comprise the 
principle di fierences in proccdure for the three TOEC 
determina tions of the two samplcs of this study, i.e., 
(1) preloading of sample 1; (2) irradiating sample 1; 
(3) using low stress Oll sample 2. 

There is another possibl e contribution of the dis
locations to the change in frequency with applicd 
uniaxial load bcsides the time-dependent frequ ency 
change observed at the higher yalucs of load. This is 
due to the increase in dislocation loop length as lhe 
dislocations bo\\· out with applicd stress before break
away occurs. This would cause an apIJarcnl rcduction 
in the second-order dynamic elastic moduli, the mag
nitucle of which would depend upon the initial loop 
length. 1(is probable that the difference betwecn the 
bchavior of the two samples in the disloca tion study 
described abol'e is due to a diITerence in loop leng th 
along with other factors, and that the loop length in 
sample 1 was different before and after irradiation. 

========--

Thcreforc, if disloca tion bowing in these samples cau" 
an appreciable 6.f, systematic differences in the thl\ 
indepcndenl sets of measurements of the unia~i ' 
stress dependences of the ultrasonic wave veloritil 
should be apparent. It will be seen that no such difiu 
ences were found and that this contribution of tL. 
dislocat ions to the measured frequency changt: :, 
thcrefore small. 

D. Data Analysis 

:\nalysis of the data to 'obtain \"alues for the T01':!" 
of columbiulll \\·as done using the relations gi\'en LI 
Thurston and Brugger~6 in their Tables I - Ill for 
cubic single crystals and 1\- for an isotropic mcdiu l1l. 
These relations will not be repeated here but will be 
refcrred to by numbers 1- 11 for the single-crysta l 
relations in the order in which they are given, and L: 
1'-5' for the isot ropic medium relalions. These eqU:l 
tions relate the strcss derivaliYCs of the seconcl-onkr 
elastic constants evaluated at zero stress in terms oi 
combina tions of second-order and third-order cla:;til 
constants. Since th ese slress deriYati\'es are indepL'lld 
ent of pressure within th e accuracy of thc measure 
ments, they are determincd by the experimental slopt·< 
of the null frequcncy \'s load plots, i.e., 

11/ ,,= [(D / Dp) (PtJ~~,2)lIJ1' Ip~o 

= [F ( C';j)o! ~1)J[2~f/fo+ (~f/foFJ", (1 1 

where ~f is lhe observccl change in frequency for a 
total prcssure or slress change j,P, and F (Ci) is th l" 
combination of second-order elastic constants for lh t, 
elastic waye mode associated with relation II in Table-; 
1- lY of R ef. 26. Since the largest ~Jjfo value obscn·cd 
was--....lQ-3, the ( j,J/fo)2 term can be ignored resultill ~ 

20 R. X. Thurston and K.. Brugger , Phys. Rev. 133, ,\ 1601 
(19G-! ) . 

.\ 
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1 \ I: U: IT . ,\ diabatic ' CcO!H!-orricr clastic constants of cnlumbium obtaincd in thc pre~c lll and ill prc\'ious in\·csl iga liolls. The in
,Ii,-atMs of Refs. 2·1 and 27 \I ~ed ultrason ic methods and Refs. 25 and 28 used the resonance method . The values for the present 

.. t ~I'S listed without parenthescs were determined directly from the"measurcd ult rasonic wave velocities and the other values were 
,ulakd from thelll. CI;'= (C,,- Cd / 2, CL '= (C,,+C,,+2CH )/2, A = (C,,+2CI2) / 3, and~ A = C .. I Cs' . 

Temp. densi ty 
·l'rnt (OK) (g/cm3) C" • C2" C,," Cs' a C 'a /, Ka A 

I.l:-cnt 

•• mplc 1 298 8.578 (2 .4653) (1.3335) 0 .28368 0.56592 2.183 \ (1.7108) (0.5013) 

, Inl plc 2 298 8 .578 2.4645 (1.3323) 0.28431 0.56618 2.1 828 (1. 7098) (0.5022) 

Ik"t" values 293 8.578 (2 .~ 6.'i±0.005) (1.333±0.007) 0.28-!0±0.0006 0.S66t 2.1829 (1.7 102) (0.5017) 

;l· , ·io liS 

.. r. 2·' 300 8.578 2. 456±0. 0098 1.3-1-5± 0.014 0.2873±0.0011 0.560~ 2.187 1. 718 0.5127 

f:' f. 27 300 8.5605 2.4S6±0 .015 1.387±0.46 0.2930±0.001 8 0.53-!5 2.215 1.743 0.5482 

c~ .. i. 25 298 8.578 2.34 1'.21 

f',. r. 28 RT 2.40±0.ll 1. 26±0. I I 

• I'"il ; or 10 " drn/cm'. 

:1 th e calculational equation 

1Iln = [F( Cj) / 6p J(2::.///o). (2) 

rhis equat ion was used to calculate th e yalue of the 
,I"pe 111 for each of the runs. l.:ncertainty limits for 
'hl' slopes " 'ere established based on the estimated 

15.856 

15.8 55 o 

~ 15 .8 54 

o 

o 

o 15.853

1 15.852 0 

, 

o 

o o 

o 

o 

o 

o 
_.1. ___ L ___ l ___ -'--_ _ -'-__ --' 

I 2 3 ~ 5 6 o 

Pre ssure - 103 PSI 

I'l l .. I. Example of data for a hydrostatic pressure run. The 
;""n ,irdes are data before correcting for temperature changes 
,'l rlnK the run . Th e temperatures at the start , middle, a nd end of 
", f r l~n were about 25.5°,26.0°, and 25.0°C, respecti" ely . .-\fter 
' 1' It ~OO psi pressu re change, abou t 15 min w:\, allowed f ')~ the 
I ''''pe rature ti) approach equilihrium before freq uency rea rlings 
",' re taken. 

0.282 1 ±O .OOO-! 0.571 2.06 1.59 0.495 

0.2809±0.0007 0.57 2.11 1.64 0.493 

uncertainty in 6/ and in the stress, p. Examples of a 
hydrostatic pressure and a uniaxial stress run arc shown 
in Figs. 1 and 2. 

Because of the redundancy in the number of relations 
available to determin e the values of th e single-crystal 
TOEC, and the wide range of uncertainties in the 
values of III", the data analysis from this pOil~ t is highly 
subjective. Several procedures were tried with only 
slightly different result s, so only one of these arc 
described. The hydrostatic pressure data was con
sidered the most reliable and was found to have the 
best internal consistency based on the relation s 1It~~ Ill ;" 

and 1nl+1Il2= ma+m4, which can readily be shown. 
The hydrostat ic pressure equations were then solved 

"-::;; , 
~ 
v 
c 
~ 

16.00 

~15,99 
.:: 

15.96 

llf' +0.032~0 01 100Kg 

fo' 15.97630 Mhz 

M,l' 3.26Q 

o --~,-~-~~0~~--~6~0--'--8~0~~--1~00 

Load - Kg 

FIG. 2. EX'llllple of data for a uniaxia l stress run . Some non
linearity in the stress- frequency dependence at low st resses was 
often seen. 
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TABLE III. The measured slopes of the stress dependences of the second-order clast ic constants for three independent sets of Ille." 
ments and the third-order clastic constanls determined from thelll . Tbe third-order elastic constant:; li s ted as "bes t" values Werl 
tained by comlJining all of the data, and the "best"-value slopes were then calculated from thelll . The relation numbl!rs refer l'J' 
relalions in order in Tables I - Ill. of HeL 26. 

Sample 1 Sample 1 
Relation No. Sample 2 before irradiation after irradiation 

+7.59±O.13 a (7.5621 ±O .13) 
2 +0.221±0.008 a (0 . 2235±0 . 006) 
3 +6.90±0.12 +6 .95±0 .32 (6.9456±0. 12) 
4 +0.8H±0.016 +0.837±0.00-l (0.8-l00±0 .004) 
5 +0.232±0.OO8 +0 . 222±0. 006 (0. 2235±0. 006) 
6 a a a 
7 a a a 
8 a a a 
9 small pos. +0.85±0.4 not meas. 

10 +0.856±0.013 +0.774±0 . 0~-l +0 . i67±0.016 
11 -0.4-16±0.042 -0.475±0 .OSO -0 . .J..t2±0.070 
12 smallncg. a a 
13 -2 .3.J±0.032 a a 
I-! +3.83±0.09 a a 
15 slllall pos. +1.2±0.7 not meas. 

16 -0.49±0.06 -0.S4±0.06 -0.502±0.032 
17 +3.20±0.Oi +3. I-hO .05 +3 . 26-~±0.016 

CIIl -25.630±O .33 h -25 . 683±O.66 -25. 736±O. 26 

CIl' - 11 .387±0.27 -11.389±0.60 - 11.355±0.24 
Cu. - ·L622±0 . .33 -4.7..J.6±0.65 -4.769±0.26 
C,,, -.3..l..J.·hO.1 1 -.3.500±0.13 -3 . .38~±0.17 
C'GG -1.677±0.06 - 1. 639±0.065 - 1.701±0.09 
C os + 1 . .360±0 . 16 + 1. 302±O .O-!-I + 1. 3S7±0.031 

C,,,+2C,,, --I8.40~±0.66 --l8.-l60±1.68 nol meas . 

C",+2Ct r.s - 6. 799±0 . 0·10 -6.779±0.030 not mcas. 

CIIl - C'~3 -21.008±0.16 -20 . 937±0 .O .. W not meas. 

Do The::.e \-aIUC:i coulu IlOt be determined bec3u o:c of the cry~tallographic orientation:: of the ::ample5. 
b The unit3 for all the third-order el a~tic COI1..;.tanb arc toe dyn,'cm~. 

"Resl" values 

+7 .5621 
+0.2235 
+6.9-~56 

+0 .8-100 
+0.2235 
+0.1138 
+1 .6082 
-0.4432 
+0.8891 
+0.8328 
-0.4432 
+0.1138 
-2 .3222 
+3.4871 
+ 1.4651 
-0.4929 
+3 .2379 

-25.6-!±O.25 
- 11. 40±0.25 
-4.67±0.25 
-.3.·B±0.10 

-1.677±0.05 
+ 1.366±O.05 
--l8..l5±0.66 
-6. 786±0.030 

- 20.967 ±O . 0-10 

for the \"alues of the three combinations of TOEC 
(Clld'" 2Cll~), (Cw + 2CI6G), and (Cm - Cln), \\"hich 
were considen:d to be exact within the limits of their 
uncertainties based entirely on the uncertainties in the 
values of /II " estimated pre\·iously. Of th e remaining 
uniaxial stress dat;), the data obtained using longitu
dinal ultrasonic waves were ignored because of their 
very large uncertainties, and da ta for relations (6), 
(7), and (8) could not be obtained because the samples 

were not of the right crystallographic orientation. Th,' 
rcmaining relations, giyen in Tablc I, were then com 
bined with the three relations obtained from the hyd n. 
sta tic pressure data in such a manner as to obtain tli ,' 
best agreement with all the data taking into accOll nt 
their relative uncertainties. 

The da ta for the polycrystallinc samples wert' 

analyzed in a similar manner, again relying he;1\'il: 
on the hydrosla Lic pressure meaSll rel11enls. 

TABLE 1\'. The adiabatic second-order elastic constants of t \\"o polycrystalline columbium samples at 298°K. A density of 8.578 glen;' 
was used. The Yoigt-Reuss-Hill a\'erage of the single-crystal clastic constan ts is shown for comparison. 

Sample A Sample R Ca kula ted by 
elongated equiaxcd YRHapprox. from 

30X75 I-' grains 10 I-' grains single "tal datn 

Cll =A+2 I-' 10'2 dyn / cm2 2. 179±0.OO-! 2. 203±0. OO-! 2.2113 

C'2=A 10'2 dyn / cm2 1. 433±0. 006 1.-!S3±0.006 1. -l597 
C .. = I-' 10'2 dyn/cm' 0.373±0.001 0 .37S±0 .OOI 0 .37S8 
E 10'2 dyn/ cm' 1.0-!1 1.0-!8 1.0S0S 
G 10" dyn/ cm2 0.373 0.37S 0.3758 
K 10" dyn/ cm' 1.682 1.703 1.7102 
q - Poissun's ratio 0 .397 0.397 0.3977 
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III. RESULTS 

A. Single Crystals 

I', ~ccolld-order elas( ic constants measured for the 
,ingle-cryslal samples arc given in Table II along 

, the ,'alues determined for columbium by previous 
,t i~a tors,2.1,25,27 ,28 The values for the presen L samples 

;' l~ no parentheses \\'ere determined directly from 
mcasured tlltrasonic \\,ave v elocities and arc esti-

' ,d to be accura.te (0 0,2%, and the values in paren
' l ~ were ca.lcula ted from them, It was considcrcd 
t '-:l ry to determine these values for the present 
jib because of the ra ther large di sagreement 

",I'cen pre\'iously reported values for columbium, 
i'aiJlc III lists a ll the calculated values of the slopes, 
. and their estimatcd uncertaintics for the three 
'"wndent scts of m easuremen(s and the values of 
r TOEC calculatcd fr om theIll. As desc ribed before 

.:: Ijlle 1 was run at a maximum uniaxial stress of 480() 

.;. both before and after irradiation, and sample 2 
. a maximum of 1000 psi. The hydrostatic prcssure 
. 'PL'" in parenthescs in column 3 werc detcrm ined as 
', to mos.! probable values from 1 he t 11'0 samples bc[ore 
' .tdialion. Thc uncerlaintics shown [or thc TOEC 
,cre determined arithmetica lh- as th e maximum uncer-
inl ies bascd on th e li mits -estimaled for thc slopes 

" ti ming no contribution from (he uncertainties in th e 
" "ond-ordcr ehl s l ic const ants. In a fcl\' cases these 
:wcrtain(ies ,,"cre incrcascd abo,-c their arithmctic 

\I I lit.: hccause a ll of thc relations cou ld not be satisficd 
I it hin the estimatcd uncert a inties of thc da ta o 

The cxccllcnt agrcement a.nd int erna l consistenc" 
l'lll'cen the hydrostatic pressure slopes [or thc t\\'~ 

. !mples justifies th cir emphasis in (he ca lculations of 
',t: TOEe. Comparing th t.: results of th e three sels of 
. ca~urements, differences in thc yalue of the uniaxial 

" re~S slopes which are wcll outside the u nccrta in l\' 
iHils arc seen. HOII'eyer, there is no apparent trend 
( tlreen the scLs of data, and thc TOEC calculated 

:' 1)111 (hem agree \\'ithin their uncerlainty limits so 
::t: eli rferences in th e slopcs \\'ere ascribeci to ran~lol1l 
,:ror.'; b~ough.t about possibl~- by nonuniform stress 
.hl nblltlOn, Interferencc caused b,' ultrason ic beam 
·prcading in thc small samples, o~' transducer bond 
haracteristics changing with appli ed load. Thcre are 
.pparcntly no system a ti c differences which could be 
" cribecl to dislocations. 

The "bcst" values listed in the last column of Table 
III were thcn determined as the values which \I'ollid 
I'Lst agree lI'ith a ll of the data. Thcse values of the 
'1'( lEC arc considered the most rcpresentative of the 
1\\'0 columhium single crystals stud ied. Tbcir limits 
. Ire est im ated from the arit hmclic limits calcu la ted 
l'rl;I'iolisly for the lit ree set s of cia 1 a . 

~ ' ~ . J. Carroll , J. Appl. I'h '·5. 36, 3639 ( 1I)(jS) . 
\1" 1' . .E. Armstrong, J. :\1. DickcllWll , ant! ll . L. Bruwn, Trans . 
. d. Soc. ADIE236, 140-1 (1966). 

TABLE V. The measured slopes or lhe stress dependences or 
the second-order elaslic conslants of polycrystalline columbium 
and lhe lhird-order elaslic constan ls calculated from them . The 
relation numbers refer in order to lhe equ<l.lion5 in Table IV or 
Ref. 26. The "besl"-valucs slopes were calculated from lhe third
order elaslic cons Ian ts 1 islcd below them. 

Sample n cquiaxed 10 J1. grains 

Relation 
No. 

Samplt: .-\ 
elonga ted 

30Xi5 J1. grains 

I' +6.20±0.2S 
2' +0.273±0.0.J. 
3' +1.51±1.0 
4' -2.79±0.46 
5' +4.72±O.30 

"1 - 101~ dYl1/ cm2 (sce text) 
",_1012 dyn/ cm2 -4.01 ±0.3 
"3-101' dyn/cm' +2.5.'i±0.2 

Experi mcntal 

+7.1O±0.25 
+0.437±0 .0.J. 

+1.3±1.3 
- 0 . 828±0. 07 
+2.182±0.Oi 

B. Polycrystalline Samples 

"ncst" 
v<l.lues 

+7 .098 
+0.450 
+0. i58 
- 0.858 
+2.156 

-4.8±1.2 
-3.70±0.2 
+0.75±0.05 

The second-oreler clastic constants measured for the 
two polycrystallinc samplcs arc given in Tablc IV 
along with values calculated from the single-crystal 
constants using thc VRH mcthocl29 for comparison. 
Since the two elastic consl:mls dircct" · determined 
from the ultrasonic wave velociLie5, Cll- and CII , arc 
accuratc to about 0.2%, thc dilTcrences bet\\'een the 
two samples arc considered (0 be real and to be caused 
by thc difference in gra.in structurc bet\\'een th e t\\'o 
samples. It is scen that thc values determined for the 
sample baying equiaxcdlO J.L grains agree \\'ithin 0.5 % 
of the , -altles calculatcd from the single-cryslal elastic 
constants. 

The TOEC rcsu lts arc shown in Table V. The effect 
of thc grain tcxture in sample A can be seen b,' the 
very different yalucs of th e slopes, 11/,/, measur~d fo r 
the tll'O sa mplcs . Thc internal consis tency of thc clata 
for sample A is also very poor. The relation 

111/ - 2111/ - 1110' = 0, (3) 

which can be readi ly deri\'Cd from Thurston and 
Brugger's equations, is Ycry poorly satisfied by the 
data for that sample. The values of 112 and 113 were 
calculated by adjusting the values of the mcasured 
slopes m/, m/, and '/Il/ to satisfy Eq. (3) abovc, 
'\'eigh ting the corrections in proportion to the estimated 
uncertaint ies in the measured slopes . Howeyer, using 
these valucs in relations l' and 3' resulted in values of 
III of -7±2 and +J7±9, respect ively. Othcr schemes 
for analyzing the data resulted in slightly better con
sistency but widely diffcrcnt valucs for the TOBC and 
thereforc this sel of data is considerecl to be meaningless . 

The data for samplc B shown in Table V wcre ana
lyzcd in the same manner as described above. For this 
sample Eq. (3) was very nearly sa lisfled bl' the data. 
Th e degree of interna l cOllsis tl'l1cy of the d~tta may be 

2~ R. lIill, Pruc. 1'hy!;. Soc. Lond. 65, 350 (1952). 
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TABLE VI. Impurity atom analyses of samples used in second-order clastic constant measurements. 
~ 

C" • Cs" Tab C a N H Other 

Rd. 28 0.2809 0.57 500 50 50 50 Other metals present at or slightlv 
above spectroscopic detection limit;. 

Ref. 25 

lowTa 0.2821 0.571 1175 <20 19 <5 <6 Hr, <80; Ti, ::'Iro, <SO ea. 

high Ta 0.2825 0.570 130 <20 19 <5 <6 Xi. Sn, Ph, Zr, Be, V, Cr, ::'lIn, Fe, Co. 
<15 cacho .. 

Present. 0.28-10 0.5661 100 8 23 4 0.-1 P, <30; W, 6 

Rcf.2-l 0.2873 0.560-1 1500 160 110 26 Zr, 100; Fr, 60 

Ref. 27 0.2930 0.53-15 (No analysis available) 

II. In units of 101 ~ dyn/('m~. b In ppm by weight. Ref. 28 doc:3 not specify whelher by weight or by atolll. 

seen by comparing the ",dues of the slopes calculated 
from th e TOEC in the last column with the experi 
mental "alues. The uncertainly limits shown wen: 
estimated in the same manner as for the single-crystal 
data. 

IV. DISCUSSION 

A. Second-Order Elastic Constants 

The sccond-order clastic consLants of Refs. 25 and 
28 shown in 'fa ble 11 were measured using the resonan L 
bar method where the elastic compliances S ij are 
deLcrmincd dircctly. Thcsc wcrc then lIscd to calculate 
the elastic constants listcd by matrix invcrsion with a 
rcsu ltant loss in accuracy of Cll and C12• Howcver, 
since C4~= 1/ SH and C's' = ~ (Sit - Sd, th ese clastic 
constants are accurate cnough for comparison wilh 
those deLermined directly by ultrasonic methods by the 
oLher investigators. 

There seems to be a trend in Lhe values of Lhe sccond
order shcar constants C, and Cs' for columbium . For 
each set of data if CH is higher than average, Cs' is 
lowcr. This follows eycn for the sample of Ref. 27 which 
is quoted as haying somc observable porosity and which 
has a mcasured density about 0.2% lower than thaL of 
the other samples. Yet its value of CH is the largest 
of any reportcd. Also, the valucs of the constant C/ 
and the bulk modulus, K, for this samplc are larger 
than for the other samples \yhich is surprising con
sidering its porosity. Even if this sample is omittcd 
from the comparison thc trend sti ll exists, Lhe di fier
ences betwecn samples, about 2% for boLh shear con
stants, being larger than the reported crror limits. 
This does not appear to be an impurity eO'ecL as can 
be secn by comparing t he impurity levels of the eli fferent 
samples as listed in Table V J. 

The "bcst" value second -order elastic constanLs 
shown in Table I r wcre used in calculating the TOEC. 
It can be shown that if the quoted uncertainties ill 
th ese values a.re correct, they can be neglected ill 
estimating the uncertaint ics in the TOEC values as 
'was done ·in the presenL study. That this assumption 

is valid is supported by the vcry good agrCtl1l l":'
beLwecn th e values for the t \Yo samples sccn ill T al ,: 
H, and also by the int ernal consistency of the c1 a: .. 
for sample 2. For th is sample there is a rtdLlndanL" ~ i 
the data so that the constant C12 can be calculall"U i:. 
two ways, by C12 = Cu - Cs' = 1..3321 X 10It and Ir. 
CI2=2CL'-CIl-2CH=1.3325X1012. These values al', 

the same within the accuracy of measuremcnts. 

B. Third-Order Elastic Constants 

The measured stress derivativc slopcs for the single 
crystal samples in Table III arc in scwral instance, 
outsidc Lhc rangc of their estimated limils. For exampk. 
IILw for sample 1 boLh before and after irradiation j, 

a lmost 10% lo\\'er than the yalue for sample 2. HOII 

eyer, internal consistency requirements with Lhe re.' · 
of Lhc data seem to indicatc that the value for sample ! 
is more ncariy correcl. This can be sccn by the " bc ,; t" 

value of 11110 in the last column and by the close agrl"l 
mcnL between Lhe values of CIll , CU2 , and Ct2:1 det er 
mined from thc three sets of data, and which depel 1'; 

partially on 1111U along with 1111, 1114, and 1Il'6. Th i, 
indicates the presence of somt" unknoll'n sourCl:~ "i 
error in Lhe individual data as mentioned previoll~ I : .. 
However, the close agrccll1cn t beL wcen th e thn:e , ei' 
of TOEC calculaLed from the data suggest thaL lh ,' "' 
errors tcnd to be smoothed ouL bl' conditions of intern.!! 
consistency and that an)" syst~mat i c errors arc rd ,! 
tively small. 

The trouble experienced in obtaining the TOLe <I: 
polycrystalline columbium indicates thc import an.' 
of haying good polycrystalline samples for thl"" 
measurcmenLs. It is secn thaL the elongated gl';lir, 
structure of sample A resulted in the measurcd seco l1 l i 
order elastic constants being only about 1% 100rer th 'l!" 
for sample B. HOII'cver, this grain structure 'was ,II' 
parently thc cause of the vcr.\" large di tTcrences in t h.
mcasured stress derivati,'cs of the two samples ant! 
the lack of intern al r"llsi~lL-nr.\" o[ the daLl ior s;Ulll'i, 

A. 
One check on the 'reliabiliLy of the hydro~ t ~lIi ( 

prcssurc measurements at leasL is to compare the valll <"' 
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I ;rlll1l·j,;c n parameter calculated from the single 
.' ,lid the polycrystal TOEC with that calculated 
! !lk data , Using values for the linear expansion 
,1\ :. a=7 ,02 XlO-G °C- l, and specifiC heat, 

I, ,) cal g- I °C- I obtained from handbooks and 
'.,i t \' p = 8.578 g/cm3

, and isothermal bulk mod
.:.. r ~ ' 1.687 X 101~ dyn/ cm2 obtained in the present 

:l the rl'la lion 

'Y B = 3aK7'j C ,op 

the \',due fo r the bulk Gri.ineisen parameter of 
I ;2. [ sing the methods of Ref. 4 for obtaining 

1 ,-u llcisen parameter from the elastic constants by 
.:ill '; the contribution of 39 pure-mode phonons 

~! parameter results in values of 'YSC= l.Sll±O,026 
} .= 1.5-!6±O,092 for the single crysta.l and the 
:\ :-1111, respectively. A useful calculational equil

i ;r the polycrystal GrUneisen parameter \l'hil~ h call 
I !.Iineel from the equations of Brugger4 by imposing 

. " il\' conditions is 

.1' 1111' and 111/ are the measured hydrosta tic pres
,I lire;; for the polycrystal and t::"l":' = K~-KT is the 
rl'ncc between the adiabatic and isothermal bulk 

!i.li, 
\ <cro nd check on the \'~d ues of the TOEC deler
.' d hl:re is to compare the measured polycr~'sLal 
. '[lInts ' with values calculated from the single
,;;11 constants, Recently, equations permitting this 

'I R:\.-\L OF APPLIED PIIYSICS 

comparison were derived30 using strain-energy density 
considerations with the approximation that a unifo rm 
state of strain acting on the surface of a homogeneous, 
quasi -isotropic, polycrystaJlille body produces a uni
form strain throughout the body. This development, 
analogous to that of Voigt relating the second-order 
clastic constants,3! leads to the following relation!'. 
between the TOEC: 

)12='3\'( CU1+4C lI2 - SCJ23+ 19Cw+2C166-12C4ii6) 

lJa= 'lr,( CIIl - 3CU2+2Cl23 - 9C144+9Cl6I;+9Cm ). (6) 

Using the values of C;jk for columbium given in Table 
lIT in these equations results in )11 = - 4.S9±O.38, )12= 
-3,80±O.lS, amI )la=+O,78±O.09, all in units of 1012 

dyn/ cm2• These values are seell to be in very good 
agreement. with the values measured for the pol)'
crystal sample B shown in Table V which provides an 
indi rect check on both sets of TOEC. 
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Lithium Niobate : Effects of Composition on the Refractive Indices and Optical 
Second-Harmonic Generatioll* 

J, E, :\fWII'I:\TERt 

Royul Radur l~sltlhlis1rIllCII I, -'[ah'ern, Worc's, F.lIglolld 

(Receivcd 22 January 1968) 

Crystals of lithium niobate have bccn grown with varying amounts of Li~O, Nb-!O., and l\IgO presen t in 
the melt. The rcfracti\'c indices ha\'e been measured and the birefringence so obtained correlated with the 
phase-ma tching temperature for second-harmonic generation (SHG) and with the composition. The use 
of optical methods is dccribed for thc study of compositional uniformity and a method of correcting the 
efTects of uniform composition gradients on SHG described , 

I. INTRODUCTION 

. \ n extensive literature already exists on lilhium 
.I', lte with reference to its use in nonlinear optics for 
.. int; or modulating optical beams. It was fIrst pro
ul in this connection by Boyd el ol.,! who described 

• Il a,('d ill parI on J di~sc rtatinn submitted to the Univrrsily 
1'lId"l1 in partial fulfulim(,lll (,f Ihl' requirements for th e d t" rc'c 
I J.:, t"r of Philosophy, 0 

: I. "'till address: Perkin- Elmer Corp., ~or\\'alk, Conn. 068 10, 
, I" IJ, Boyd, R. C. ~lill er, 1\:, ~assau , \\', L. Bond, and A. 

.... I~C , .'\ppL l'hys, Letters 5, 234 (196-1). 

its nonlinear properties and refractive-index data suit
able for calcula ting the details of phase matching . 
Miller ct al.2 extended this data by pointing out the 
favorable property of thermally tunable refractive 
indices present in lithium niobate and showed how this 

,could be used to obtain noncritical phase matching . 
Hobclen and Warner3 have given extensive detail~ of 
the wavelength and thermal variation of the refractiv¢ 

, R, C. :\lillcr, G. n. lloyd, and :\, S;l\'ag<!, :\ppl. Phys, Letters 
6, 77 (1965). 

~ M. V, Hobden and J. Warner, Phys, Letters 22, 243 ( \966). 
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